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Extensions of Real-Valued Difference Posets 
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The difference poset of real-valued functions (fuzzy sets) is investigated. The 
difference posets on some subsets of the unit real interval [0, l] are character- 
ized. It is shown that although it is not always possible to represent the 
difference by some generator, for dense subsets such a representation exists and 
is unique. 

1. INTRODUCTION 

Very recently an abstract model of  quantum mechanics was introduced 
by Kopka and Chovanec (n.d.; Kopka, 1992) under the name of difference 
poset (briefly, D-poset). This structure is a generalization of quantum logic 
(Kalmbach, 1983; Ptak and Pulmannovfi, 1991), MV-algebras (Chang, 
1958; Mundici, 1986), orthoalgebras (Foulis et al., 1992), the set of all 
effects (Dvure~enskij, n.d.), and the collection of fuzzy sets (Kopka,  1992). 
Although the notion of the difference poset is so general, many important 
results were proved on this structure (de Lucia and Pap, n.d.; Dvure6enskij, 
n.d.; Dvure6enskij and Pulmannovfi, n.d.-a,b; Dvure6enskij and Rie6an, 
n.d.; Navara and Ptak, n.d.; Rie6anova and Brgel, 1994). 

The collection of  fuzzy subsets of a given set X endowed by fuzzy 
connectives (Weber, 1983) induced by complementation c, a triangular 
norm T (Ling, 1965; Schweizer and Sklar, 1983) and a c-dual triangular 
conorm S forms an MV-algebra if and only if S is generated by the same 
normed generator g as c. By Belluce (1986), the class of  fuzzy MV-algebras 
coincides, up to an isomorphism, with the class of Archimedean MV-alge- 
bras (semisimple MV-algebras). 

The investigations of difference posets on the space of  real-valued 
functions (e.g., fuzzy sets) leads to the study of D-posets on the real line. 
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This general problem can be transformed by a simple transformation to the 
problem of D-posets on subsets of [0, 1], where the minimal element is 0 
and we work then with the usual order of reals. If  the difference poset 
consists of the whole interval [0, 1], a full characterization of the difference 
O can be found in Mesiar (n.d.-a,b). However, the underlying space need 
not consist of all points from [0, 1]. The aim of  this paper is to study such 
difference posers from the extension point of view, i,e., to find some 
conditions ensuring the representation of the difference E) by means of 
generators. 

2. D I F F E R E N C E  P O S E T  

Definition 1. A D-poset (difference poset) is a partially ordered set L 
with a partial ordering <, maximal element 1, and a partial binary 
operation 8 :  L x L ~ L ,  called a difference, such that, for a, bEL, b G a  is 
defined if and only if a <-b, for which the following axioms hold for 
a, b, c EL: 

(DP1) b O a  < b. 
(DP2) b O (b 0 a) = a 
(DP3) a < b < c ~ c O b  < c O a  and ( c O a )  O ( c O b )  = b O a .  

Then there exists also a minimal element 0 ( =  1 O 1). 
The following properties of the operation @ have been proved in 

Kopka and Chovanec (n.d.): 

(a) a O O = a .  
(b) a O a = O .  
(c) a < - b  =~ b O a = O  <=~ b = a .  
(d) a < - b  => b O a = b  <=~ a = O .  
(e) a < b < c =~ b O a  < - c O a  and ( c O a ) ( - ~ ( b O a ) = c O b .  
(f)  b < c ,  a < c O b  ~ b < c O a  and ( c O b )  O a = ( c O a ) O b .  
(g) a < b < c  =e. a < - ( c O ( b O a ) ) e a = c O b .  

3. D I F F E R E N C E  P O S E T  O N  T H E  I N T E R V A L  [0, 1] 

Theorem I. Let ([0, 1], Q, -<, 0, 1) be a D-poset. Then and only then 
there is a unique generator g where g is an increasing bijection of [0, l] 
onto [0, 1], such that for all a and b, 0 <- a <- b -< t, we have 

b @ a = g - '(g(b) - g(a)) 

Sketch o f  the p roo f  [for details see Mesiar, (n.d.-a)]. We extend the 
difference 0 for all a, bE[O, 1] putting b e a  = 0 whenever a > b. We show 
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that  the unary operat ion _L defined via 

a l =  1 O a  

is a strong negation on [0, 1]. Further ,  a binary operat ion �9 on [0, 1] 
defined via 

a O b  = (b• O a )  -- 

is a t -conorm (i.e., associative, commutat ive,  nondecreasing binary opera- 
tion on [0, 1] with the natural  element 0). 

In the next step, we show the continuity o f  the extended difference e 
and consequently the continuity o f  the t -conorm O.  It is easy to see that  
then �9 is a nilpotent t - conorm (i.e., a O a > a  for  all a~ (0 ,  1) and 
a O a  = 1 for some a t ( 0 ,  1)). Due to Ling's representat ion theorem (Ling, 
1965), there is a unique normed generator  g such that 

a �9 b = g -1(rain( 1, g(a) + g(b)) 

Taking into account  that  

b o a  = (a O b •  • 

and that  a •  sup(b: a �9 b -< 1), one gets immediately a •  g -1 (1  - g ( a ) )  
and 

Hence if a < b, 

b @ a = g -1(max(O, g(b) - g(a)) 

b e a = g -  l(g(b) - g(a)) Q E D  

Note  that  the p roo f  o f  Mesiar  (n.d.-a) (up  to the uniqueness) can be 
applied to any difference poset (M, O,  < ,  0, 1), M c [0, 1], {0, 1} ~ M, 
where M is a closed subset o f  [0, 1]. However ,  there are some D-posets  on 
subsets o f  [0, 1] where the difference cannot  be generated by some genera- 
tor  g. 

Example  1. Let {a.}~=o and {b.}~= o be a strictly increasing and a 
strictly decreasing sequence, respectively, such that ao = O, bo = 1, and 

lira a . = a =  lira bn 
r / ~ o o  n ~  

Put M = {a. }.~__ o u {b. }.~_ o and define a difference 0 on M as follows: 

an 0 ak = a . _  k whenever k < n 

b., 0 bk = ak_,~ whenever m -< k 

b,. 0 a.  = b,. + .  for  all m, n = O, 1 . . . .  
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Then (M, O, -<, 0, 1) is a difference poset. Suppose that there is a 
generator g such that 

b o a  =g-l(g(b) -g(a)) for all a, b e M ,  a <b  

Note that g ( x ) < l  for all x < l  and g ( x ) > O  for all x > 0 .  Put 
g(al ) = u > 0. Then 

al = az O al = g- l (g(a2)  - u) 

implies g(a2)= 2u. By induction, g(an)= nu, n = 1, 2 . . . .  , and conse- 
quently g is not bounded on M c [0, 1], which is a contradiction. 

We have already mentioned that the closedness of M is a sufficient 
condition for the existence of a generator (but not for its uniqueness!) of 
the difference @ on M and consequently for the extension of  @ to the 
whole interval [0, 1]. Of  course, this condition is not necessary. 

Another sufficient (but not necessary) condition is given by the follow- 
ing theorem. In this case the generator is unique. 

Theorem 2. Let (M, O,  <,  0, 1) be a difference poset and let M be a 
dense subset of [0, 1]. Then there is a unique generator g of the difference 
O on M, i.e., there is a unique extension of the difference O to the interval 
[0, 11. 

Proof. If  there is an extension of the operation 0 to [0, 1], then, by 
Theorem 1, this extension is generated by a unique generator g. The 
continuity of  g and denseness of M imply the unicity of the representation 
of the operation 0 on [0, 1] by g. Hence it is enough to show that the 
extension of 0 on M to [0, 1] is possible. 

We define this extension in the following way: 

if x = y e [ 0 , 1 ] ,  then y O x = O  
if x = 0 ,  y~[0,1] ,  then y O x = y  
if 0 < x < y < l ,  then y O x = s u p ( r O s ; r ,  sEM,  r < y , s > x )  

We have to show that this extension is really a difference. 
Let us show (DP2), i.e., y O ( y O x ) = x  whenever x <y .  Let us 

denote u ,= y O x. Then we have 

Y 0 u = sup(i. Ojm ; in < y, j., > U) 

and 

y O x  =sup(i ,  Okm; in < y ,k , ,  >- x) 

Then we have 

j ~ > y O x > i .  Okm 
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and 

Then 

Hence 

i.ojm <-- i. O( i .  Okm)  = km 

Y O u = sup(i. Ojm ; i. < y, Jm 2 U) <-- k,~ 

y o u  = y O ( y O x )  -< infkm = x  

If y O ( y  @x) < x, then we take a s M  such that 

y O ( y O x )  < a  < x  

On the other hand, we have by a < x < k.~ the inequality 

y O x  = sup(i. Ok,,,) < sup(/. Oa)  = y  O a  

and so 

x = y  O ( y  Ox)  = sup(/'. OJm) <- sup(i. O(i .  Oa)) = a 

Contradiction. 

The other axioms (DP~) and (DP3) can be shown in a similar way. 
Note that the reverse problem is also not trivial, i.e., given a D-poset 

([0, 1], O , - < , 0 ,  1) and a dense subset M c [0, 1], {0, 1} ~ M ,  when the 
operation O can be restricted to M, i.e., when (M, O,  < ,0 ,  1) is a 
D-poset. The problem is whether M is closed with respect to O. Take, e.g., 
g(x) = x 2, i.e., 

b o a  = ( b 2 - a 2 )  U2 for a ---b 

and M = Q n [0, 1]. The operation O is not closed on the set M. This has 
an influence on possible differences on dense subsets of [0, 1]. For example 
if M = Q c ~ [ 0 ,  1] and (M, O, -<,0, 1) is a difference poset, then O is 
generated by a unique generator g; see Theorem 2. This generator should 
preserve the rationality, i.e., if r, s~Q,  0 <-r <-s <- 1, then 

Example 2. Let 

g~.(x) - 
x 

xe[0,  1], 2e[0, 1) 
2x + (1 - 2) '  

Then the function g~ is a rationality-preserving norm generator. 

Open Problem. Are there some other rationality-preserving normed 
generators which are not included in the family (g~.)~.<o, ~)? 
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All previous results (Theorems 1 and 2), also can be extended for 
RI-posets  o f  Ka lmbach  and Rie~anova (n.d.). Note  that  an RI-pose t  
(X, @, -<, 0) fulfills the same axioms as a D-pose t  up to the presence o f  a 
maximal element 1 in X. By Mesiar (n.d.-b); ([0, 1), @, < ,  0) is an RI-  

poset if and only if there is a generator  g, g: [0, 1) ~ [ 0 ,  ~ ) ,  g(0) = 0, and 
g is a continuous,  strictly increasing function such that  for 0 -< a -4< b < 1 
the equality 

b O a = g - l ( g ( b )  -- g(a)) 

holds. 
Note  that  g is unique up to a positive multiplicative constant.  I f  g is 

bounded,  then the underlying RI-pose t  (on  [0, 1]) can be (uniquely!) 
extended to a D-pose t  (on  [0, 1)). I f  g is unbounded,  then this extension is 
impossible. Theorem 2 holds true for any RI-pose t  on a dense subset M o f  
the interval [0, 1). 
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